Insisting on the role of experimental data: the pseudoscalar-pole piece to the (g µ − 2) and the |V ub | from B → π ν differential branching ratio Sergi Gonzàlez-Solís We employ a mathematical framework based on rational approximants in order to calculate meson form factors. The method profits from unitary, is systematic and data based, and is able to ascribe a systematic uncertainty which provides for the desired model independence. Two examples are discussed: the transition form factor entering the pseudoscalar-pole piece of the hadronic lightby-light contribution to the anomalous magnetic moment of the muon, and the B → π form factor participating the B → π ν differential branching ratios which allows to determine the |V ub | CKM parameter.
Introduction
Hadronic form factors (FF) play an important role in multiple and different scenarios in particle physics. An accurate description in both space-like (SL) and time-like (TL) regions is an important task with large benefits starting from the direct study of experimental data up to complicated calculations at the frontier of the Standard Model. A complete model-independent description of both SL and TL would demand a full knowledge of QCD in both its perturbative and non-perturbative regimes, knowledge not yet aquired. An alternative to such enterprise would pursuit a synergy between theory and experiment, between the formal calculation and the experimental data. In this respect, one would direct oneself towards a model-independent and data-driven phenomenological description of FF.
This synergy should develop a method as simple as possible, maximally transparent, fully satisfying the analyticity and unitarity of the FF. If possible, the method should not use any assumption, only approaches, improvable without ad hoc statements. It shall provide a systematic method as well, and in two different senses: easy to update whenever new experimental data or new theoretical calculations are available; capable of providing a purely theoretical error from the approaches performed. Finally, should be predictive and checkable.
This catalogue of wishes can be addressed within the Theory of Padé approximants (PA). The connexion with the mathematical problem is given by the well defined general rational Hermite interpolation problem. This problem corresponds with the situation where a function should be approximated but previous information about it is scarce and spread over certain information on a given set of points together with a set of derivatives.
Analyticity and unitary of vector FFs imply them to be Stieltjes 1 functions [1, 2, 3] . As such, any diagonal or subdiagonal PA sequence, on top of converging, must have all its poles lying on the real axis, an extremely useful feature when analyzing experimental data. In this case, PAs act as the guarantor of unitary through its pole position after the fit to experimental data. In case complex-conjugate poles or defects (a pole with a close-by zero almost canceling each other) appear [4] , since they are not allowed by the convergence theorems [2] , they are a clear indication that experimental data are not satisfying FF's unitary. Thus, a bootstrap method will allow to pinpoint the cause of the violation of unitary and via neglecting the identified experimental datum, the fit is immediately improved. This method has been successfully used already to study pseudsocalar transition form factors (TFF) and explore their role in extracting low-energy parameters, the η − η mixing angle, and parameterizations of the doubly virtual TFF, as well as for the pseudoscalar contribution to the HLBL of the muon (g − 2) (for a recent review, see Ref. [5, 6] ).
In this letter, the PA method is presented to discuss the role of experimental data in: i) the π 0 , η, η SL TFFs and the TL TFF entering the description of the π 0 , η and η Dalitz decays; ii) the TL B → π semileptonic FF appropriate to extract the |V ub | CKM parameter. 
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dé Approximants The sequence converges rapidly even beyond the convergence's radius |z| < 1. In case the poles would lie outside the physical cut, this would imply the coefficients c n to have some noise, some error detected by the PAs and easy to remove!
Pseudoscalar transition form factor
The TFF describes the effect of the strong interaction on the γ * γ * − P transition (where P = π 0 , η, η · · ·) and is represented by a function F Pγ * γ * (q 2 1 , q 2 2 ) of the photon virtualities q 2 1 , and q 2 2 . The singly virtual TFF, which depends on the transferred momentum of the virtual photon, has a well defined unitary cut in the TL region starting at the 2m 2 π threshold and no singularities in the SL region since it is a Stieltjes function [3] . The nature of the production threshold is of vector type, which guarantees a very smooth off-set of the imaginary part of the threshold discontinuity in the TL. The experimental information on the TFFs together with the theoretical knowledge on their kinematic limits yield the opportunity for a nice synergy between experiment and theory in a simple, easy, systematic, and user-friendly way. , and η (lower panel) TFFs. Our best P L 1 (Q 2 ) and P N N (Q 2 ) fits are shown. Dashed lines display the extrapolation of the P N N (Q 2 ) at Q 2 = 0 and Q 2 → ∞. Data from CELLO, CLEO, BABAR, BELLE, and L3 [7] for SL, and NA60, A2, BESIII [8] for TL. Figures form Refs. [3] .
We proposed in Refs. [3] to use a sequence of PA to fit together SL [7] and TL [8] data. Since PAs are constructed from the Taylor expansion of the F Pγ * γ (Q 2 ), from the fits we can obtain the derivatives of the F Pγ * γ (Q 2 ) defined as [3] :
1) where a P 0 is related to P → γγ, b P and c P are the slope and curvature resp., fundamental quantities for constraining models to evaluate hadronic contributions. Our results are collected in Table 1 .
In case complex-conjugated poles in our approximants would appear, that would be a clear indication of an underestimation of experimental errors as we discuss in the next section.
FF are not interesting by themselves as represent the knowledge of QCD in a nutshell, but also for their important role on precision calculations of low-energy Standard Model observables such as the anomalous magnetic moment of the muon. With this method, we updated in [5, 6] 3. Study of B → π ν and B + → η ( ) + ν decays and determination of |V ub | Table 1 : π 0 , η, and η slope b P , curvature c P , and asymptotic limit (Q 2 → ∞) from Ref. [3] . It is typically determined from inclusive and exclusive semileptonic decays through B → X u ν and B → π ν , respectively. The PDG reported values [11] showed a 2.4σ deviation between the inclusive, |V ub | = (4.49 ± 0.15
+0.16
−0.17 ± 0.17) · 10 −3 , and the exclusive, |V ub | = (3.70 ± 0.10 ± 12) · 10 −3 [10] determinations.
The origin of this discrepancy is still unclear and any combined average must be borrowed with caution [11] . The exclusive decay yields the most precise value and is given by (m → 0)
with λ = (m 2 B + m 2 π − q 2 ) 2 − 4m 2 B m 2 π and q 2 the invariant mass of the dilepton pair. F + (q 2 ) is the vector FF encoding the B → π transition, the main source of uncertainty in the |V ub | extraction.
The leptonic differential branching ratio distribution have been measured by BABAR [12] and BELLE [13] . This allows us [14] to extract the |V ub | from a simultaneous fit to the measured q 2 spectra and lattice simulations on the FF shape at large q 2 obtained by the HPQCD Coll. in 2006 [15] and by the MILC Coll. in 2008 and 2015 [16] . For the B → π ν decay, the lowest threshold appears at q 2 = s th = (m B + m π ) 2 , above the available kinematical energy range, 0 < q 2 < (m B − m π ) 2 , of the decay. This explains why, as a first approximation, it has been a common use to consider a VMD model. VMD and di-polar extensions are elements of the general PA sequence, Eq. (1.1). Since F + (q 2 ) is a Stieltjes function higher-order terms in the PA sequence are important to get insights on the analytical structure of the FF and to explore unitary of experimental data.
We fit with P N 1,2,3 (q 2 ) reaching N = 3 (see example of P 2 1 in Fig. 3 , lower panel). Beyond that, a detailed scrutiny of pole positions in combination with residues of the χ 2 allows us to determine whether a datum satisfies or not unitary constrain (cf. Fig. 3, upper panel) . This improves both the quality of the fit and the determination of |V ub | [14] .
Conclusions and Outlook
Hadronic form factors are a good laboratory to study the properties of mesons. Their interest goes, however, much beyond the mesons themselves as they play a key role on precision calculations of Standard Model observables at low energies where hadronic contributions are the cornerstone of the error evaluation. We propose the method of Padé approximants as a toolkit to analyze them. The method is easy, systematic, user friendly, and can be improved upon by including new data. Provides, as well, information about the underlying structure of the FF and can be used to extrapolate experimental information to extract the low-energy parameters of the FF together with their asymptotic limits.
The most relevant feature of the method here described is their excellent performance as an interpolation tool thanks to its ability to impose unitary requirements. As such, it is a most compelling method to provide an accurate parameterization for the FF in the whole SL region. Since the approximants can as well penetrate into the TL region below the first resonance, precise experimental data can be easily incorporated. In this regard, our method provides an accurate data-driven and model-independent result consistent with the well-known QCD features at high and low energies.
